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1 Theorem, Definitions, and Governing Equations
Material derivative: Df⃗

Dt = ∂
∂t f⃗ + v⃗ · ∇a⃗ = ∂f⃗

∂t +
∑

i
∂f⃗
∂xi

v⃗i

Divergence:
�

V

(∇ · f⃗) dV =



S

(f⃗ · n̂) dS
�

V

(∇ψ) dV =



S

(ψn̂) dS

Reynolds Transport Theorem:
d
dt

�

V

F dV = ∂
∂t

�

V

F dV +
�

A

F (v⃗ · n̂) dA
d
dt

�

V

F dV =
�

V

DF
Dt dV

D
Dt

�

V

αdV =
�

V

[
∂α
∂t +∇·(αv⃗)

]
dV =

�

V

[
∂α
∂t +

∑
i
∂(αvi)
∂xi

]
dV

α ≡ volume-specific property
Conservation of mass (continuity), 1 component: ∂ρ

∂t +∇·(ρv⃗) = 0

Incompressible: Dρ
Dt + ρ(∇·v⃗) = 0 ∇·v⃗ = 0

Mixture: ∂ρA
∂t +∇·(ρAv⃗A) = −∇·mA + R̆A

Leibniz integral rule: d
dx

b(x)�

a(x)

f(x, t) dt =

b(x)�

a(x)

∂
∂xf(x, t) dt+ f(x, b(x))db(x)dx − f(x, a(x))da(x)dx

2 Diffusion
2.1 Mass Basis with Mass Average Velocity
∂ρi
∂t +∇·(ρi⟨v⃗m⟩) = −∇·mi + R̆i

∂ρi
∂t +∇·Φm,i = R̆i

⟨v⃗m⟩ =
∑

i wiv⃗i wi =
ρi
ρ

Φm,T =
∑

i ρiv⃗i = ρ⟨v⃗m⟩
mA = ρA(v⃗A − ⟨v⃗m⟩) = ρAv⃗A − wAΦm,T
Φm,A = ρAv⃗A = mA + ρAv⃗ = mA + wAΦm,T

ρ
(
∂wA
∂t + ⟨v⃗m⟩ · ∇wA

)
= −∇·mA + R̆A

2.2 Molar Basis with Molar Average Velocity
∂ci
∂t +∇·(ci⟨v⃗n⟩) = −∇·n′

i + r̆i
∂ci
∂t +∇·Φn,i = r̆i

⟨v⃗n⟩ =
∑

i xiv⃗i xi =
ci
c

Φn,T =
∑

i civ⃗i = c⟨v⃗n⟩
n′

A = cA(v⃗A − ⟨v⃗n⟩) = cAv⃗A − xAΦn,T
Φn,A = cAv⃗A = n′

A + cA⟨v⃗n⟩ = n′
A + xAΦn,T

c
(
∂xA
∂t + ⟨v⃗n⟩ · ∇xA

)
= −∇·n′

A + r̆A − xA
∑

i r̆i

3 Maxwell-Stefan Diffusion
3.1 Ideal Gas Mixtures
∇Pi
P =

xixj(v⃗j−v⃗i)
Dij

d⃗i =
∇Pi
P = ∇xi

∇xi = dxi
dz =

n∑
j ̸=i

xiΦn,j−xjΦn,i
cDij

=
n∑

i̸=j

xin
′
j−xjn

′
i

cDij

Fick’s Law: n′ = −cB−1d⃗

cd⃗i = −n′
iBii − n′

j

n−1∑
j=1,j ̸=i

Bij

Bii =
xi
Din

+
n∑

k=1,k ̸=i

xk
Dik

Bij = −xi
(

1
Dij

− 1
Din

)
Binary: n′

i = −cDij d⃗i

3.2 Non-ideal Fluid Mixtures

d⃗i =
xi
RT ∇ (µi)T,P =

n−1∑
j=1

Γij∇xj Γij = δij+xi

(
∂ ln γi
∂xj

)
T,P,x′

n′ = −cB−1Γ∇x⃗

4 Generalised Fick’s Law
Binary: n′

A = −cDAB∇xA mA = −ρADAB∇wA

n-component: n′
A = −c

n−1∑
j=1

Dij∇xj n′
A = −cD∇x

4.1 Matrix Approximations for Multicomponent Diffusion
∂x⃗
∂t +∇·(⟨v⃗n⟩x⃗) = D∇2x⃗→ ∂x̂

∂t +∇·(⟨v⃗n⟩x̂) = D̂∇2x̂

D̂ ≡ P−1DP x̂ ≡ P−1x⃗ P ≡

[
1 λ2−D22

D21
λ1−D11

D12
1

]
λ1 = 1

2

(
trD +

√
discD

)
λ2 = 1

2

(
trD −

√
discD

)
trD = D11 +D22 discD = (trD)2 − 4 detD
detD = D11D22 −D12D21

5 Boundary Layer Methods
Solute mass balance: n′ = d

dt

� δ

0
cA dx− c0

dδ
dt

Continuity: ∂vx
∂x +

∂vy
∂y = 0

5.1 Momentum Boundary Layer
Von Kármán integral: τwall

ρ = µ
ρ
∂vx
∂y

∣∣
y=0

= d
dx

� δP
0

(u∞ − v⃗x)v⃗x dy

5.2 Concentration Boundary Layer
ν = µ

ρ Sc ≡ ν
D

δc
δP

∼ Sc−1/3

kc(cA,sfc − cA,bulk) =
d
dx

� δc
0
v⃗x(cA − cA,bulk) dy

6 Turbulent Mass Transfer
X̄ ≡ 1

tobs

� tobs
0

X dt X ∈ {c, v⃗, T, . . .} XA = X̄A +XA,tb

6.1 Binary Mixture
∂c̄A
∂t +∇(v̄c̄A) = ∇·(D∇c̄A)−∇·(v̄tbc̄A,tb) v̄tbc̄A,tb = −Dtb∇c̄A
∂w̄i
∂t + v̄ · ∇w̄i = − 1

ρ∇·(mi +mi,tb)

6.2 Turbulent Eddy Diffusivity Model in a Tube
Φm,i,y = mi,y + wiΦm,T,y

u⃗f ≡
√

τwall
ρ =

√
f
2 ūf

∗
y ≡ u⃗fρ

µ y =
u⃗f
ν y

∗
u ≡ u⃗

u⃗f
=

√
2
f

u⃗
ū

∗
Rwall ≡ Rwallu⃗f

ν = Re
√
f/8 νtrb

ν = d
∗
y

d
∗
u
− 1

Von Kármán velocity profile:
Viscous, {0 ≤ ∗

y ≤ 5} :
∗
u =

∗
y d

∗
u

d
∗
y
= 1 ⇒ νtrb

ν = 0

Buffer, {5 ≤ ∗
y ≤ 30} :

∗
u = 5 ln

∗
y− 3.05 d

∗
u

d
∗
y
= 5

∗
y
⇒ νtrb

ν =
∗
y
5 − 1

Turbulent, {30 ≤ ∗
y} :

∗
u = 2.5 ln

∗
y + 5

6.2.1 Turbulent Mass Transfer in Binary Fluids
Sctb ≡ νtb

Dtb
mi,y = −ρ(Di +Dtb)

dwi
dy

Composition profile: wi−wi,0
wi,bulk−wi,0

= 1−eψ

1−eϕ

ψ ≡
� ∗
y

0
f(

∗
y) d

∗
y ϕ ≡

� ∗
ybulk
0

f(
∗
y) d

∗
y

6.2.2 Diffusion Flux at Wall

kH ≡ Φm,T,0
ρ (eϕ−1)−1 k−1

L =
� ∗
ybulk
0

1
u⃗f

(
Sc−1 + Sc−1

tb
νtb
ν

)−1
d

∗
y

kH = ΣkL Σ ≡ ϕ
eϕ−1

St ≡ k
u⃗ =

√
f
2

k
u⃗f

St−1
m = 2

f +
√

2
f

� ∗
y1

0

(
Sc−1 + Sc−1

tb
νtb
ν

)−1 −
(
1 + νtb

ν

)−1
d

∗
y

6.2.3 Momentum/Mass Transfer Analogies
Reynolds, {Sc = 1,Sctb = 1} : Stm = f

2

Chilton-Colburn: νtb
ν = 1.77

(
f
2

) 2
3 ∗
y
3 → Stm = f

2Sc−
2
3

Von Kármán, {Sctb = 1}, viscous/buffer:
St−1

m = 2
f + 5

√
2
f

(
Sc − 1 + ln

[
1 + 5

6 (Sc − 1)
])
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